Michell truss type theories as a $\Gamma$-limit of optimal design in
  linear elasticity by Olbermann, Heiner
ar
X
iv
:1
90
9.
05
79
1v
1 
 [m
ath
.A
P]
  1
2 S
ep
 20
19
MICHELL TRUSS TYPE THEORIES AS A Γ-LIMIT OF OPTIMAL
DESIGN IN LINEAR ELASTICITY
HEINER OLBERMANN
Abstract. We show how to derive (variants of) Michell truss theory in two and three
dimensions rigorously as the vanishing weight limit of optimal design problems in linear
elasticity in the sense of Γ-convergence. We improve our results from [Olb17] in that our
treatment here includes the three dimensional case and that we allow for more general
boundary conditions and applied forces.
1. Introduction
In the present article we improve our results from [Olb17], where we have derived a certain
form of Michell truss theory as the vanishing weight limit of optimal design problems in
linear elasticity in a rigorous fashion. The improvement that we present here is twofold:
First, we extend the analysis to the three-dimensional case. Second, we allow for more
general applied forces, see Remark 1 (v) below.
We briefly explain how the variational problem for finite values of the “weight” parameter
that we will present in this introduction can be interpreted as an optimal design problems
in linear elasticity in Section A of the appendix. For a discussion of how our limit problem
can be considered as the Michell truss problem (at least for the case of two dimensions),
see [BGS08]. Michell trusses, first devised more than a century ago [Mic04], are a very
popular model in applied mathematics and engineering, see e.g. [Hem73, Roz12].
On a formal level, the relation between these variational models – in both two and three
dimensions – had been observed by Allaire and Kohn [AK93]. As in [Olb17], our state-
ments should be viewed as rigorous versions of their formal ones, in the framework of
Γ-convergence.
1.1. Notation. Let Ld denote the d-dimensional Lebesgue measure, andHd the d-dimensional
Hausdorff measure. Let E ⊂ Rn be either open or closed. By M(E) (respectively
M(E;Rp)) we denote the space of Borel signed measures on E (respectively Rp-valued
Borel measures). We denote the symmetric d× d matrices by Rd×dsym = {A ∈ Rd×d : AT =
A}. The spaceM(E;Rd×dsym) is the subspace of µ ∈ M(E;Rd×d) satisfying µij = µji for all
i, j ∈ {1, . . . , d}.
The set of non-negative Borel measures is denoted by M+(E).
For Ω ⊂ Rn open and bounded with Lipschitz boundary, consider µ ∈ M(Ω;Rn) and
g ∈M(Ω). We say that −divµ = g ifˆ
Ω
∑
∂xiϕdµi =
ˆ
Ω
ϕdg
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for every compactly supported ϕ ∈ C1(Rn). Put differently, the measures µ and g are being
viewed as measures on Rn with support on Ω. When µ ∈ M(Ω;Rn×nsym ) and g ∈ M(Ω;Rn),
then −divµ = g has to be understood row-wise.
Let 1 < p <∞, and U ⊂ Rn open. By W−1,p(U), we denote the dual of W 1,p′0 (U), where
(p′)−1 = 1 − p−1. It is well known that the following norm on W−1,p(U) is equivalent to
the norm as a dual space of W 1,p
′
0 ,
‖g‖W−1,p(U) = inf
{‖α‖Lp(U) + ‖β‖Lp(U) : g = α+ div β} ,
where the equation g = α+ div β has to be understood in the sense of distributions,
〈g, ϕ〉 =
ˆ
U
(ϕα−∇ϕ · β) dx
for all ϕ ∈ C1c (U).
By slight abuse of notation, we will write
M∩W−1,p(Ω) ≡M(Ω) ∩W−1,p(Rn) .
For λ > 0, we define h˜λ : R
n×n
sym → R by
(1) h˜λ(σ) =
{ |σ|2√
λ
+
√
λ if σ 6= 0
0 if σ = 0 ,
where | · | denotes the Frobenius norm defined by |A|2 = TrATA. Now let g ∈ M ∩
W−1,2(Ω;Rn), to be thought of as the applied forces and normal component of the stress σ
at the boundary respectively (see Remark 1 (iii) below). We define Gλ,g :M(Ω;Rn×nsym )→ R
by
Gλ,g(µ) :=
{´
Ω h˜λ
(
dµ
dLn
)
dx if µ≪ Ln, dµdLn ∈ L2(Ω;Rn×nsym ) and − divµ = g in Ω
+∞ else.
where µ ≪ Ln is the notation for µ being absolutely continuous with respect to Ln, and
dµ
dLn denotes the Radon-Nikody´m derivative of µ with respect to Ln.
The variational functional Gλ,g defines an optimal design problem in linear elasticity, see
Section A of the appendix.
For σ ∈ Rn×nsym , let σi, i = 1, . . . , n denote the eigenvalues of σ, ordered such that |σ1| ≤
|σ2| ≤ · · · ≤ |σn|.
From now on, we will only be concerned with the case n ∈ {2, 3}. For n = 2 we define
ρ(2)(σ) = |σ1|+ |σ2|
and for n = 3, we let
ρ(3)(σ) =
{
1
2
√
(|σ1|+ |σ2|)2 + σ23 if |σ1|+ |σ2| ≤ |σ3|
1
2
√
2
(|σ1|+ |σ2|+ |σ3|) else.
Note that ρ(n) is positively one-homogeneous; hence for a Rn×nsym -valued Radon measure µ,
ρ(n)(µ) can be defined as a Radon measure via
ρ(n)(µ)(A) =
ˆ
A
ρ(n)
(
dµ
d|µ|
)
d|µ| ,
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where dµd|µ| is the Radon-Nikody´m derivative of µ with respect to its total variation measure
|µ|. For g ∈M(Ω;Rn), we define G∞,g :M(Ω;Rn×nsym )→ R by
G∞,g(µ) =


2
´
Ω dρ
(2)(µ) if n = 2, −div σ = g√
2
´
Ω dρ
(3)(µ) if n = 3, −div σ = g
+∞ else.
1.2. Statement of results. We are ready to state our main theorem, namely the Γ-
convergence Gλ,gλ
Γ→ Gλ,g under the assumption of weak-* convergence of the applied
forces, gλ
∗
⇀ g with a λ-dependent control of ‖gλ‖W−1,2 . We recall that Ω ⊂ Rn is
bounded open with Lipschitz boundary, where n ∈ {2, 3}.
Theorem 1. Assume that gλ ∈ M ∩W−1,2(Ω;Rn), g ∈ M(Ω;Rn) such that gλ ∗⇀ g in
M(Ω;Rn) and
(2) λ−1/4‖gλ‖W−1,2(Rn;Rn) → 0 .
(i) (Compactness) Let µλ ∈ M(Ω;Rn) be a sequence such that
lim sup
λ
Gλ,gλ(µλ) <∞ .
Then there exists µ ∈ M(Ω;Rn×nsym ) such that
µλ
∗
⇀ µ in M(Ω;Rn×nsym ) .(3)
(ii) (Lower bound) Let µλ
∗
⇀ µ in M(Ω;Rn×nsym ).Then we have that
lim inf
λ→∞
Gλ,gλ(µλ) ≥ G∞,g(µ) .
(iii) (Upper bound) Let µ ∈ M(Ω;Rn×nsym ). Then there exists a sequence µλ in L2(Ω;Rn×nsym )
such that µλ
∗
⇀ µ in M(Ω;Rn×nsym ) and additionally
lim sup
λ→∞
Gλ,gλ(µλ) ≤ G∞,g(µ) .
Remark 1. (i) The proofs for the compactness and upper bound parts are fairly
straightforward; the most interesting part is the lower bound part. Here our proof
is inspired by the theorem on lower semicontinuity for linear growth functionals
under PDE constraints by Arroyo-Rabasa, De Philippis and Rindler [ARDPR18].
Their work in turn builds on the properties of singular points of A-free measures
[DPR16], the blow-up technique by Fonseca and Mu¨ller [FM93], and properties of
the projection operator to A-free functions proved by the same authors in [FM99].
(ii) It is the combination of the blow-up technique with the application of the projec-
tion operator to A-free measures that informs our choice of assumptions for the
convergence of the right hand sides, i.e.
gλ
∗
⇀ g in M(Ω;Rn) and λ−1/4gλ → 0 in W−1,2(Rn;Rn) .
These assumptions (or slightly weaker ones) are necessary in order for this method
of proof to work. Also in the proof of the upper bound the assumption on the
growth of the W−1,2 norms is heavily used. It is not clear to us if the statements
remain true if this assumption is removed.
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(iii) The constraint equation −divµ = g contains boundary conditions and applied
forces at the same time. To substantiate this claim, we consider the situation
µ = aLn Ω with a ∈ W 1,1(Ω;Rn) and g = bLn Ω + cHn−1 ∂Ω with b ∈ L1(Ω),
c ∈ L1(∂Ω). Then the equation −divµ = g translates to{−div a = b in Ω
a · n = c on ∂Ω ,
where n denotes the unit outer normal to ∂Ω.
(iv) As an example for the approximation of applied forces, consider a point force
g =
∑
i giδxi (with xi ∈ Ω, gi ∈ Rn, and where δx denotes the Dirac measure
supported in {x}) which is permitted in the Michell truss problem in the sense
that there exists a measure µ ∈ M(Ω;Rn×nsym ) satisfying g = −divµ. Meanwhile,
any such µ cannot be absolutely continuous with respect to Ln with dµ/dLn ∈ L2,
which implies that such µ is not permissible in the linear elasticity problems in the
sense that Gλ,g(µ) = +∞. A suitable approximation of the limit problem is given
by some sequence gj satisfying gj ∈ W−1,2 and (2); this can be easily achieved,
e.g., by mollification.
(v) In [Olb17], we only allowed for right hand sides of a very particular form. Namely,
the stresses µ for the optimal design problems had to be solutions of boundary
value problems
(4)
{−divµ = 0 in Ω
µ · n = g˜λ on ∂Ω
where g˜λ ∈W−1/2,2(∂Ω), and n denotes the unit outer normal to ∂Ω. Additionally,
we required that Ω be simply connected and piecewise C2. By (iii) above, this
is just a special case of the right hand sides that we are treating here. It was
our method of proof that limited us to right hand sides that correspond to (4)
in [Olb17]. There we reformulated the problem as one for BV functions, which
moreover is only possible in two dimensions.
Notation. The symbol C will be used as follows: A statement f ≤ C(a, b, . . . )g has to be
read as “there exists a constant C > 0 only depending on a, b, . . . such that f ≤ Cg”.
The value of C may change from one inequality to the next. When it is clear on which
quantities the constant depends, we also write f . g in this situation.
2. Preliminaries
2.1. A-free singular measures. Let A denote a linear partial differential operator of
order k ∈ N,
A =
∑
|α|≤k
Aα∂
α ,
where Aα ∈ Rp×m for every multiindex α ∈ Nn with ∂α = ∂α1x1 . . . ∂αnxn and |α| =
∑n
i=1 αi.
We define the principal symbol of A, Ak : Rn → Rp×m, by setting
Ak(ξ) =
∑
|α|=k
Aαξ
α ,
where ξα = ξα11 . . . ξ
αn
n . In the following definition, S
n−1 = {x ∈ Rn : |x| = 1}.
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Definition 1. The wave cone associated to a differential operator A as above is defined
by
ΛA =
⋃
ξ∈Sn−1
KerAk(ξ) .
We will only be interested in the case A = div , acting on measures with values in Rn×nsym
(i.e., p = n, m = n(n+ 1)/2). In this case we obtain
Λdiv = {A ∈ Rn×nsym : RkA ≤ n− 1}
where RkA denotes the rank of A.
Definition 2. The operator A is said to satisfy the constant-rank condition if there exists
r ∈ N such that
RkAk(ξ) = r for all ξ ∈ Sn−1 .
One easily verifies that the constant-rank condition is fulfilled for A = div with r = 1.
The structure of A-free singular measures by De Philippis and Rindler yields in particular
the following result:
Theorem 2 (See [DPR16]). Let Ω ⊂ Rn be open and µ ∈ M(Ω;Rm) satisfy Aµ = σ,
where σ ∈ M(Ω;Rp). Then for |µs| a.e. x0, we have that
dµ
d|µ|(x0) ∈ ΛA .
2.2. Generalized Young measures. Generalized Young measures – roughly speaking
– are dual objects to functions with linear growth at infinity. They have been introduced
by DiPerna and Majda [DM87]. Here we follow closely the approach by Kristensen and
Rindler [KR10]. In comparison to that reference, we drop the dependence of test functions
on a variable x ∈ Ω, since we will not need this for our purpose.
First we define a suitable set of functions with linear growth at infinity. For f ∈ C(Rm)
and ξ ∈ B(0, 1) ⊂ Rm, let
Tf(ξ) = (1− |ξ|)f
(
ξ
1− |ξ|
)
.
We define
E(Rm) =
{
f ∈ C(Rm) : Tf extends to a continuous function on B(0, 1) ⊂ Rm
}
.
Definition 3. A generalized Young measure ν parametrized by a set Ω ⊂ Rn with values
in Rm is a triple (νx, λν , ν
∞
x ), where
• (νx)x∈Ω is a family of probability measures on Rm,
• λν ∈ M+(Ω) is a non-negative measure
• (ν∞x )x∈Ω is a family of probability measures on Sm−1
such that x 7→ νx is weakly * measurable with respect to Ln, x 7→ ν∞x is weakly * measurable
with respect to λν, and (x 7→ 〈| · |, νx〉) ∈ L1(Ω).
In the above definition, weak * measurability means that for every f ∈ E(Rm), we have
that x 7→ 〈f(·), νx〉 is Ln-measurable, and x 7→ 〈f(·), ν∞x 〉 is λν-measurable. The duality
between generalized Young measures and functions f ∈ E(Rm) is defined by
〈〈f, ν〉〉 =
ˆ
Ω
〈f, νx〉dx+
ˆ
Ω
〈f∞, ν∞x 〉dλν(x) ,
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where f∞ denotes the recession function of f ,
f∞(ξ) = lim sup
t→∞
f(tξ)
t
.
By Jensen’s inequality, we have for convex f that
f (〈Id, νx〉) ≤ 〈f, νx〉 for Ln a.e. x ∈ Ω
f∞ (〈Id, ν∞x 〉) ≤ 〈f∞, ν∞x 〉 for λν a.e. x ∈ Ω .
(5)
By the Radon-Nikody´m Theorem, we may decompose any measure µ ∈ M(Ω;Rm) into
two parts, the one regular with respect to Ln, and its singular part:
µ =
dµ
dLnL
n + µs .
Such a measure µ ∈ M(Ω;Rm) can be identified with a Young measure δ[µ] via
(δ[µ])x = δ dµ
dLn
(x)
, λδ[µ] = |µs|, (δ[µ])x = δ dµs
d|µs|
(x)
We say that a sequence of Young measures (νj)j∈N converges weakly * to a Young measure
ν if for every (globally) Lipschitz function f : Rm → R, we have that 〈〈f, νj〉〉 → 〈〈f, ν〉〉.
In this case we write νj
Y→ ν.
We say that a sequence of measures µj generates a Young measure ν if we have δ[µj ]
Y→ ν
weakly * as Young measures.
Finally, we have the following compactness result for generalized Young measures:
Lemma 1 ([KR10], Corollary 2). Let (νj)j∈N be a sequence of generalized Young measures
such that the functions x 7→ 〈|·|, (νj)x〉 are uniformly bounded in L1 and λνj(Ω) is uniformly
bounded. Then there exists a generalized Young measure ν such that νj
Y→ ν.
2.3. A-quasiconvexity. Let A = ∑|α|≤kAα∂α be a partial differential operator as in
Section 2.1 above. Let Q = (−1/2, 1/2)n be the unit cube in Rn. The smooth Q-periodic
functions with values in Rm are denoted by C∞per(Q;Rm).
Definition 4. (i) A Borel function f : Rm → R is said to be A-quasiconvex if for
every ξ ∈ Rm and every ϕ ∈ C∞per(Q;Rm) satisfying
Aϕ = 0 and
ˆ
Q
ϕ(x)dx = 0
we have that ˆ
Q
f(ξ + ϕ(x))dx ≥ f(ξ) .
(ii) For a Borel function f : Rm → R, the A-quasiconvexification of f , QAf , is given
by
QAf(ξ) = inf
{ˆ
Q
f(ξ + ϕ(x))dx : ϕ ∈ C∞per(Q;Rm) ∩KerA with
ˆ
Q
ϕ(x)dx = 0
}
.
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Since we will only be interested in the case A = div , we will write Qf ≡ Qdiv f .
In the following lemma, functions in Lp(Q;Rm) are identified with their Q-periodic exten-
sions. Furthermore, let W 1,p
′
per (Q) denote the Q-periodic functions in W
1,p′
loc (R
n), and let
W−1,pper (Q) denote its dual (where (p′)−1 = 1− p−1). For later usage, we remark that
‖f‖W−1,pper (Q) . ‖fχQ‖W−1,p(Q) .
Lemma 2 ([FM99], Lemma 2.14). Let A be a first order differential operator as above
that satisfies the constant rank condition and 1 < p < ∞. There exists an operator
PA : Lp(Q;Rm)→ Lp(Q;Rm) and a constant C = C(p) > 0 such that
APAϕ = 0,
ˆ
Q
PAϕdx = 0, ‖ϕ − PAϕ‖Lp(Q;Rm) ≤ C‖Aϕ‖W−1,pper (Q)
for every ϕ ∈ Lp(Q;Rm) with ´Q ϕ(x)dx = 0.
2.4. Tangent measures. The notion of tangent measures is due to Preiss [Pre87]. We
will only need one fact about tangent measures, for which it will not even be necessary to
mention the definition. For x0 ∈ Rn, r > 0, let T (x0,r)(x) = r−1(x−x0). The push-forward
of a measure µ ∈ M(Rn) by T (x0,r) is given by
T
(x0,r)
# µ(A) = µ(x0 + rA) .
The fact that we are going to use is that for Ln almost every x0 ∈ Rn, there exists a
sequence rj ↓ 0 such that
T
(x0,rj)
# µ
∗
⇀
dµ
dLn (x0)L
n .
This follows e.g. from Theorem 2.44 in [AFP00] in combination with the Radon-Nikody´m
differentiation theorem.
2.5. Quasiconvexification of h˜λ. One of the main ingredients for the derivation of our
convergence result are the known relaxations of the functionals Gλ,g for λ < ∞. A proof
of the following statement can be found in [AK93] (see also [KS86, All02]).
Theorem 3. The div -quasiconvexification of h˜λ, hλ = Qh˜λ, is given by the following
formulas:
• If n = 2 then
hλ(τ) =
{
λ−1/2|τ |2 + λ1/2 if ρ(2)(τ) ≥ √λ
2
(
ρ(2)(τ)− λ−1/2|det τ |) else.
• If n = 3, then
hλ(τ) =


λ−1/2|τ |2 + λ1/2 if ρ(3)(τ) ≥ √λ
2
(√
(|τ1|+ |τ2|)2 + τ23 − λ−1/2|τ1τ2|
)
if ρ(3)(τ) ≤
√
λ and |τ1|+ |τ2| ≤ |τ3|
h∗λ(τ) else,
where
h∗λ(τ) =
√
2(|τ1|+ |τ2|+ |τ3|) + λ−1/2
(
1
2
|τ |2 − (|τ1τ2|+ |τ1τ3|+ |τ2τ3|)
)
.
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Obviously we have the following pointwise convergences: If n = 2, then
lim
λ→∞
hλ(τ) = 2ρ
(2)(τ) =: h(2)(τ)
and if n = 3, then
lim
λ→∞
hλ(τ) =
√
2ρ(3)(τ) =: h(3)(τ) .
Whenever we make statements that are true for n ∈ {2, 3}, we also write h ≡ h(n).
We consider the divergence operator on symmetric matrices (which may be identified with
R
n(n+1)/2). We have already noted that the wavecone is given by
Λdiv = {A ∈ Rn×n : A = AT ,RkA ≤ n− 1} .
This readily implies that the restriction of h(n) to Λdiv (which is obtained by setting
τ1 = 0) is given by, for n = 2,
h(2)|Λdiv (τ) = 2|τ2| ,
and for n = 3 by
h(3)|Λdiv (τ) = 2
√
τ22 + τ
2
3 .
Of course, the right hand side of the last two equations is defined on all of Rn×nsym . We
denote it by H(n),
H(2)(τ) = 2|τ2|, H(3)(τ) = 2
√
τ22 + τ
2
3 .
Again we write H ≡ H(n) whenever statements hold simultaneously for n = 2 and n = 3.
Lemma 3. The function H is convex, and for every λ > 0, we have that
H(τ) ≤ hλ(τ) .
Proof. The convexity is straightforward from the formulas above. Concerning the inequal-
ity, for n = 2, this is obvious. For n = 3, we insert τ1 = 0, verify the inequality, and then
verify by a direct computation that ∂τ1hλ(τ) ≥ 0 (for a.e. τ). 
3. Proof of the lower bound
By the Radon-Nikody´m theorem, we have the decomposition of the limit measure µ ∈
M(Ω;Rn×nsym ) into one part that is singular with respect to the Lebesgue measure, and the
regular part,
µ =
dµ
dLnL
n + µs .
Using the blow-up technique, we will prove the lower bound at regular and at singular
points separately.
Lower bound at singular points.
Proposition 1. Let uj ∈ L2(Ω;Rn×nsym ), µ ∈ M(Ω;Rn×nsym ) with ujLn Ω ∗⇀ µ and divµ ∈
M(Ω;Rn). For |µs| almost every x0, with dµd|µ|(x0) = ξ, we have that
lim
r→0
lim inf
λ→∞
1
|µ|(Q(x0, r))
ˆ
Q(x0,r)
hλ(uλ)dx ≥ h(ξ) .
8
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Proof. By Lemma 1 we have – possibly after passing to a subsequence – that uλLn gen-
erates a Young measure ν, uλLn Y→ ν. Now by Lemma 3, we have for λν almost every
x0,
lim
r→0
lim inf
λ→∞
1
|µ|(Q(x0, r))
ˆ
Q(x0,r)
hλ(uλ)dx
≥ lim
r→0
lim inf
λ→∞
1
λν(Q(x0, r))
ˆ
Q(x0,r)
H(uλ)dx
= lim
r→0
1
λν(Q(x0, r))
(ˆ
Q(x0,r)
〈H, νx〉dx+
ˆ
Q(x0,r)
〈H, ν∞x 〉dλν
)
= 〈H, ν∞x0〉
(6)
Here the limit limr→0 has to be understood as the choice of a sequence (ri)i∈N, ri ↓ 0,
such that λν(∂Q(x0, ri)) = 0 for all i ∈ N, in order to justify the penultimate equality in
(6). In the last equality of (6), we have used that
d(〈H, ν∞x 〉λν)
dλν
(x0) = 〈H, ν∞x0〉 for λν a.e. x0
d(〈H, νx〉Ln)
dλν
(x0) = 0 for λν a.e. x0
Using equation (5) and the convexity of H, we obtain
lim
r→0
lim inf
λ→∞
1
|µ|(Q(x0, r))
ˆ
Q(x0,r)
hλ(uλ)dx ≥ 〈H, ν∞x0〉
≥ H(〈Id, ν∞x0〉)
= H(ξ)
= h(ξ) .
In the last equality, we have used the fact that ξ ∈ Λdiv for λν almost every x0 by Theorem
2. 
Lower bound for regular points. Our proof can be viewed as an adaptation of the
proof of Lemma 2.15 in [ARDPR18]. Even though we will only need the case A = div , we
will prove the lower bound at regular points in a slightly more general setting. Namely, let
A be a first order linear partial differential operator. Let P ≡ PA denote the projection
operator onto the (mean-free) A-free functions from Lemma 2.
In the following, let p > 1, q > 0. Furthermore, let fλ : R
m → R be A-quasiconvex and
locally Lipschitz with the estimate
(7) |∇fλ(A)| . 1 + |A|
p−1
λq
for a.e. A .
This assumption translates into the estimate
(8) |fλ(A)− fλ(B)| . |A−B|
(
1 +
|A|p−1 + |B|p−1
λq
)
.
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We write
f(ξ) = lim inf
λ→∞
fλ(ξ) .
One further property that we are going to assume (and that is valid in the case fλ = hλ
that we will be interested in later) is
(9) fλ(sA) ≤ Csfλ(A)
for s ≤ 1.
Proposition 2. Let A be a first order linear differential operator satisfying the constant
rank condition, µλ a sequence in M(Q;Rm) with |µλ| ≪ Ln, dµλdLn ∈ Lp(Q;Rm) and ξ ∈
R
m, µ := ξLn such that
µλ − µ ∗⇀ 0 in M(Q;Rm)
A(µλ − µ) ∗⇀ 0 in M(Q;Rm)
λ−q/pA(µλ − µ)→ 0 in W−1,p(Q;Rm)
λ−q/p
dµλ
dLn is bounded in L
p(Q;Rm) .
Then
f(ξ) ≤ lim inf
λ→∞
ˆ
Q
fλ
(
dµλ
dLn
)
dx .
Proof. After taking subsequences we may assume that the right hand side is a limit, and
that it is finite. Let η ∈ C∞c (Rn) with
´
Rn
η dx = 1 and ηε = ε
−nη(·/ε). For k ∈ N, choose
ε(λ, k) ↓ 0 as λ→∞. Now set for x ∈ Rn,
wλ,k(x) :=
ˆ
Rn
ηε(λ,k)(x− ·)d(µλ − µ)
=
(
ηε(λ,k) ∗ (µλ − µ)
)
(x) .
We have that
|wλ,kLn − (µλ − µ)|(Q) ↓ 0 as λ→ 0 .(10)
Let δ ∈ (0, 1), and set
Qk := {x ∈ Q : dist(x, ∂Q) > δ
k
}
and let ϕk be associated test functions with ϕk = 1 on Qk and ϕk = 0 on Q \Qk+1. We
set
wˆλ,k = ϕkwλ,k .
Now let
w¯λ,k = wˆλ,k −
 
Q
wˆλ,kdx
w˜λ,k = PAw¯λ,k .
Note that w¯λ,k ∈ C∞per(Q;Rm). For every λ, k we have by the A-quasiconvexity of fλ that
(11) fλ(ξ) ≤
ˆ
Q
fλ(ξ + w˜λ,k)dx .
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Using (8) and Ho¨lder’s inequality, we haveˆ
Q
fλ(ξ + w˜λ,k)dx ≤
ˆ
Q
fλ(ξ + w¯λ,k)dx+ C‖Pw¯λ,k − w¯λ,k‖L1(Q)
+
C
λq
(
‖w¯λ,k‖p−1Lp(Q) + ‖Pw¯λ,k‖p−1Lp(Q)
)
‖Pw¯λ,k − w¯λ,k‖Lp(Q) ,
(12)
We claim that for the error terms on the right hand side vanish in the limit λ→ 0. Indeed,
we have for any p¯ ∈ (1, nn−1),
lim sup
λ→∞
‖Pw¯λ,k − w¯λ,k‖L1(Q)
Ho¨lder
. lim sup
λ→∞
‖Pw¯λ,k − w¯λ,k‖Lp¯(Q)
. lim sup
λ→∞
‖Aw¯λ,k‖W−1,p¯(Q)
lim sup
λ→∞
λ−q/p‖Pw¯λ,k − w¯λ,k‖Lp(Q) . lim sup
λ→∞
λ−q/p‖Aw¯λ,k‖W−1,p(Q) .
(13)
Furthermore
Aw¯λ,k = A(ϕkηε ∗ (µλ − µ))
= ϕkηε ∗ A(µλ − µ) + ηε ∗ (µλ − µ)Aϕk .
From this expansion and µλ−µ ∗⇀ 0, A(µλ−µ) ∗⇀ 0 we obtain Aw¯λ,k ∗⇀ 0 in M(Q;Rm).
By the compact embeddingM(Q;Rm) ⊂W−1,p¯(Q;Rm), we have that ‖Aw¯λ,k‖W−1,p¯ → 0.
From this and the assumption on the vanishing of λ−p/qA(µλ−µ) in W−1,p we obtain our
claim that the right hand sides in (13) vanish too.
Next we have, again using (8),ˆ
Q
fλ(ξ + w¯λ,k)dx ≤
ˆ
Q
fλ(ξ + wˆλ,k)dx
+ C
∣∣∣∣
 
wˆλ,kdx
∣∣∣∣+ Cλ−q (‖wˆλ,k‖p−1Lp + ‖w¯λ,k‖p−1Lp )
∣∣∣∣
 
wˆλ,kdx
∣∣∣∣ ,
(14)
By the boundedness assumption on λ−q/pd(µλ − µ)/dLn in Lp, the error terms on the
right hand side converge to 0 in the limit λ→ 0. Next,ˆ
Q
fλ(ξ + wˆλ,k)dx =
ˆ
Qk
fλ
(
dµλ
dLn
)
dx+
ˆ
Qk+1\Qk
fλ(ξ + ϕkηε ∗ (µλ − µ))dx
+
ˆ
Q\Qk+1
fλ(ξ)dx .
(15)
Combining (11), (12), (14) and (15), and taking the limit λ→∞, we obtain
f(ξ) ≤ lim inf
λ→∞
(ˆ
Qk
fλ
(
dµλ
dLn
)
+
ˆ
Qk+1\Qk
fλ(ξ + ϕkwλ,k)dx+
ˆ
Q\Qk+1
fλ(ξ)dx
)
.
Reordering and using fλ ≥ 0 yields
(16) |Qk+1|f(ξ) ≤ lim inf
λ→∞
(ˆ
Q
fλ
(
dµλ
dLn
)
+
ˆ
Qk+1\Qk
fλ(ξ + ϕkwλ,k)dx
)
.
11
H. OLBERMANN
Using (9), we observe thatˆ
Qk+1\Qk
fλ(ξ + ϕkwλ,k)dx ≤ C
ˆ
Qk+1\Qk
(fλ(ξ) + ϕkfλ(wλ,k)) dx ,
Here the second error term on the right hand side, when summed over k, can be estimated
as follows,
lim sup
λ→∞
L∑
k=1
ˆ
Q
ϕkfλ(wλ,k)dx . lim sup
λ→∞
ˆ
Q
fλ(wλ,k)dx
. lim sup
λ→∞
(‖wλ,k‖L1 + λ−q‖wλ,k‖pLp)
. C .
Summing (16) from k = 1 to L and dividing by L yields
|Q1|f(ξ) ≤ lim inf
λ→∞
(ˆ
Q
fλ
(
dµλ
dLn
)
dx+ CL−1
L∑
k=1
ˆ
Qk+1\Qk
fλ(ξ + ϕkηε ∗ (µλ − µ))dx
)
≤ lim inf
λ→∞
(ˆ
Q
fλ
(
dµλ
dLn
)
dx+ CL−1
)
.
Taking first the limit L → ∞ and then δ → 0 (i.e., |Q1| → |Q| = 1) we obtain the claim
of the proposition. 
Lemma 4. Let µλ be a sequence inM(Q;Rn×nsym ) with |µλ| ≪ Ln, dµλ/dLn ∈ L2(Q;Rn×nsym ),
and ξ ∈ Rn×nsym , µ = ξLn such that
µλ − µ ∗⇀ 0 in M(Q;Rn×nsym )
div (µλ − µ) ∗⇀ 0 in M(Q;Rn×nsym )
λ−1/4div (µλ − µ)→ 0 in W−1,2(Q;Rn×nsym )
λ−1/4
dµλ
dLn is bounded in L
2(Q;Rn×nsym ) .
Then
h(µ) ≤ lim inf
λ→∞
ˆ
Q
hλ(µλ)dx .
Proof. We apply Proposition 2 with fλ = hλ, q =
1
2 and p = 2. The estimates (7), (9) for
hλ are easily verified by an explicit calculation. 
Proof of the lower bound in Theorem 1. After choosing a suitable subsequence, we may
assume that the lim inf is a limit. We recall that hλ(µλ) = Qh˜λ(µλ) ≤ h˜λ(µλ). Hence
hλ(µλ)Ln is a bounded sequence in M(Ω;Rn×nsym ). After passing to a further subsequence,
we have that hλ(µλ)Ln ∗⇀ π for some π ∈ M(Ω), with
π(Ω) = lim
λ
ˆ
Ω
hλ(µλ)dx ≤ lim
λ
ˆ
Ω
h˜λ(µλ)dx .
Since µs = µ− dµdLnLn is singular with respect to Ln, we have that
π ≥ dπ
dLnL
n +
dπ
d|µs| |µ
s| .
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By a well known representation of W−1,p (see e.g. [Zie89] Theorem 4.3.3), we may write,
in the sense of distributions,
gλ = αλ + div βλ
with αλ ∈ L2(Rn;Rn) and βλ ∈ L2(Rn;Rn×nsym ). We recall that λ−1/4gλ → 0 in W−1,2(Rn)
by assumption. This implies that αλ, βλ may be chosen such that
(17) λ−1/4
(‖αλ‖L2(Rn) + ‖βλ‖L2(Rn))→ 0 .
We have that for Ln almost every x0, T x0,r# µ
∗
⇀ dµ/dLn(x0)Ln, see Section 2.4. For fixed
r, we have that T x0,r# µλ
∗
⇀ T x0,r# µ. Hence we may choose a sequence rλ ↓ 0 such that
(18) µ¯λ := T
x0,rλ
# µλ
∗
⇀
dµ
dLn (x0)L
n
In the same way we may assume
(19) g¯λ := T
x0,rλ
# gλ
∗
⇀
dg
dLn (x0)L
n .
By the Radon-Nikody´m Theorem, we also have (again, for Ln almost every x0)
dπ
dLn (x0) = limλ→∞
1
Ln(Q(x0, rλ))
ˆ
Q(x0,rλ)
hλ
(
dµλ
dLn
)
dx .
Now we verify for an x0 that satisfies the above relations that the conditions of Lemma
4 are fulfilled for the sequence µ¯λ := T
(x0,rλ)
# µλ. The first condition of that lemma is just
(18). Furthermore, note that
−div µ¯λ = rλg¯λ ,
and hence we obtain by (19) that
div µ¯λ
∗
⇀ 0 ,
which is the second condition of Lemma 4.
Setting
α¯λ(x) := αλ(x0 + rλx)
β¯λ(x) := βλ(x0 + rλx)
we have by (17) (assuming that r−1λ λ
−1/2 (‖αλ‖2L2 + ‖βλ‖2L2)→ 0, which may be achieved
by possibly modifying the sequence rλ)
‖λ−1/4div µ¯λ‖W−1,2(Q) . λ−1/4
(‖α¯λ‖L2(Q) + rλ‖β¯λ‖L2(Q))
→ 0
This is just the third condition of Lemma 4.
Finally we observe thatˆ
Q
λ−1/2
∣∣∣∣dµ¯λdLn
∣∣∣∣
2
dx .
ˆ
{ρ(n)(µλ)≤
√
λ}
∣∣∣∣dµ¯λdLn
∣∣∣∣ dx+
ˆ
{ρ(n)(µλ)≥
√
λ}
(
λ−1/2
∣∣∣∣dµ¯λdLn
∣∣∣∣
2
+ λ1/2
)
dx
.
ˆ
Q
hλ
(
dµ¯λ
dLn
)
dx
< C
which proves boundedness of λ−1/4dµ¯λ/dLn in L2, the last condition in Lemma 4.
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The application of Lemma 4 yields
(20)
dπ
dLn (x0) ≥ h
(
dµ
dLn (x0)
)
.
For |µs| almost every x0 ∈ Ω, we have that
dπ
d|µs|(x0) = limr→0
1
|µ|(Q(x0, r)) limλ→∞
ˆ
Q(x0,r)
hλ
(
dµλ
dLn
)
dx
≥ h
(
dµ
d|µ|(x0)
)
,
where the last inequality is obtained by Proposition 1.
Hence we have shown
π(Ω) ≥
ˆ
Ω
h
(
dµ
dLn
)
dx+
ˆ
Ω
h
(
dµ
d|µ|
)
d|µs|
=
ˆ
Ω
hdµ
= G∞,g(µ) .
This completes the proof of the lower bound. 
4. Compactness, upper bound
Proof of compactness in Theorem 1. We have that |µλ| ≤ hλ(µλ) ≤ h˜λ(µλ), and hence the
statement follows from the standard compactness result for sequences in M(Ω;Rn×nsym ) in
the weak * topology. 
Proof of the upper bound in Theorem 1. We may assume that G∞,g(µ) < ∞, otherwise
there is nothing to show. We consider gλ, g as measures in M(Rn;Rn) with support in Ω.
We observe that M(Rn;Rn) ⊂ W−1,p(Rn;Rn) for p ∈ (1, nn−1) with compact embedding.
Now we apply standard results for strongly elliptic equations with constant coefficients:
Let ζλ ∈W 1,ploc (Rn;Rn) be the solution of{−div e(ζλ) = gλ in Rn
∇ζλ ∈ Lp(Rn;Rn×n)
where e(ζλ) =
1
2(∇ζλ +∇ζTλ ). The application of elliptic regularity theory yields
‖∇ζλ‖Lp(Rn) . ‖gλ‖W−1,p(Rn) .
In the same way, we obtain a solution ζ of{−div e(ζ) = g in Rn
∇ζ ∈ Lp(Rn;Rn×n)
with
‖∇ζ‖Lp(Rn) . ‖g‖W−1,p(Rn) .
By the assumption gλ
∗
⇀ g, the compact embedding M ⊂ W−1,p and elliptic regularity,
we have that
e(ζλ)→ e(ζ) in Lp(Rn;Rn×nsym ) .
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By λ−1/4‖gλ‖W−1,2(Rn;Rn) → 0 and elliptic regularity, we have that
λ−1/4‖e(ζλ)‖L2(Rn;Rn×nsym ) → 0 .
Set µ¯ = µ − e(ζ). Let η ∈ C∞c (Rn) such that
´
η = 1 and ηε := ε
−nη(·/ε). Choose a
monotone decreasing sequence ε(λ) with ε(λ) ↓ 0 as λ→∞ and |µ|ε(λ)n sup |η| ≤ 14
√
λ. We
set
µ¯λ := ηε ∗ µ¯
and
µλ = µ¯λ + e(ζλ) .
Note that these definitions imply in particular that |µ¯λ| ≤ 14
√
λ. Furthermore we have
that µλ
∗
⇀ µ.
Let
Aλ := {x ∈ Ω : ρ(n)(µλ) ≥
√
λ}
A˜λ := {x ∈ Ω : |e(ζλ)| ≥ 1
4
√
λ} .
By ρ(n)(ξ) ≤ 2|ξ| for all ξ ∈ Rn×nsym , we have that Aλ ⊂ A˜λ. Now we may estimate as follows
(not distinguishing between measures and their densities),
lim sup
λ→∞
ˆ
Ω
hλ(µλ)dx = lim sup
λ→∞
(ˆ
Ω\Aλ
hλ(µλ)dx+
ˆ
Aλ
hλ(µλ)dx
)
≤ lim sup
λ→∞
ˆ
Ω\Aλ
h(µλ)dx+
ˆ
Aλ
(
µ2λ√
λ
+
√
λ
)
dx .
Now we have that λ−1/2‖e(ζλ)‖2L2 → 0 and hence λ1/2Ln(A˜λ)→ 0 as λ→∞. This implies
ˆ
Aλ
(
µ2λ√
λ
+
√
λ
)
dx ≤
ˆ
A˜λ
(
2
µ¯2λ + |e(ζλ)|2√
λ
+
√
λ
)
dx
≤ Ln(A˜λ)
(
1
8
√
λ+
√
λ
)
+ λ−1/2‖e(ζλ)‖2L2
→ 0 as λ→∞ .
Hence we get
lim sup
λ→∞
ˆ
Ω
hλ(µλ)dx ≤ lim sup
λ→∞
ˆ
Ω
h(µλ)dx
=
ˆ
Ω
dh(µ)
= G∞,g(µ) .

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Appendix A. Derivation of the variational form of the compliance
minimization problem
Here we repeat basically our presentation from Section 2.4 of [Olb17]. We include this
part in order to keep the present article self-contained.
Let g ∈W−1,2(Ω;Rn). The aim of this appendix is to give a derivation of the compliance
minimization problem in its variational form,
(21) inf Gλ;g(σ) ,
where the infimum is taken over the set
Sg(Ω) = {σ ∈ L2(Ω;Rn×nsym ) : −div σ = g}
Here the equation −divσ = g is to be understood as an equation in the distributional
sense in a neighborhood of Ω, with σ extended by 0 on the complement of Ω. In this way
we incorporate boundary conditions in the equation, see our discussion in Section 1.1. We
want to derive this variational problem starting from the standard formulation of a linear
elasticity problem. More details can be found in [All02].
Consider Ω ⊂ Rn as an elastic body, characterized by its elasticity tensor A0 ∈ Lin(Rn×nsym ;Rn×nsym ),
where for simplicity we assume here that A0 = IdRn×nsym is the identity. We remove a sub-
set H ⊂ Ω from the elastic body and the new boundaries from that process shall be
traction-free. The resulting linear elasticity problem is to find u : Ω \H → Rn such that
σ = A0e(u)
−div σ = g in Ω \H
σ · n = 0 on ∂H ,
where e(u) = 12(∇u+∇u)T . The compliance (work done by the load) is given by
c(H) =
ˆ
∂Ω
g · udH1 =
ˆ
Ω\H
(A0e(u)) : e(u)dx ,
where u : Ω \ H → R2 is the unique solution to the linear elasticity system above. We
want to minimize the compliance under a constraint on the “weight” L2(Ω \H). We do
so by the introduction of a Lagrange multiplier λ, and are interested in the minimization
problem
min
H
(
c(H) + λL2(Ω \H)) .
The “equivalence” between the mass constrained problem and the problem including a
Lagrange multiplier only holds on a heuristic level, see [KS86] for a discussion of this
point. Accepting this step, taking the limit of vanishing weight corresponds to the limit
λ→∞. We now rewrite the problem by considering space-dependent elasticity tensors of
the form A(x) = χ(x)A0, where χ ∈ L∞(Ω; {0, 1}). The equations from above turn into
the system
σ =A(x)e(u)
−div σ =g in Ω(22)
16
MICHELL TRUSS TYPE THEORIES AS A Γ-LIMIT OF OPTIMAL DESIGN IN LINEAR ELASTICITY
The compliance turns into a functional on the set of permissible elasticity tensors, and is
given by
c(A) =
ˆ
Ω
(A(x)e(u)) : e(u)dx ,
where u is the solution of (22). By the principle of minimum complementary energy, the
compliance can be written as
c(A) =
ˆ
Ω
G(A(x), σ(x))dx ,
where
G(A¯, ξ) =


+∞ if ξ 6= 0 and A¯ = 0
0 if ξ = 0 and A¯ = 0
(A¯−1ξ) : ξ else,
and σ ∈ L∞(Ω;Rn×nsym ) is a solution of the PDE
−div σ = g in Ω ,
i.e., σ ∈ Sg(Ω). We see that the compliance minimization problem can be understood as
the variational problem of finding the infimum
inf
{ˆ
Ω
(G(χ(x)A0, σ(x)) + λχ(x)) dx : χ ∈ L∞(Ω; {0, 1}), σ ∈ Sg(Ω)
}
.
Of course, the compliance of a pair (χ, σ) is infinite if there exists a set of positive measure
U such that χ = 0 and σ 6= 0 on U . Hence the above variational problem is equivalent
with
(23) inf
{ˆ
Ω
FA0λ (σ)dx : σ ∈ Sg(Ω)
}
,
where
FA0λ (ξ) =
{
0 if ξ = 0
(A−10 ξ) : ξ + λ else,
Up to a factor λ−1/2, this is just the integrand (11), and hence (23) is just the variational
problem (21), with A0 = IdRn×nsym . As is well known, this problem does not possess a
solution in general and requires relaxation.
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